Abstract-Efficient multiresolution representations for isosurfaces and interval volumes are becoming increasingly important as the gap between volume data sizes and processing speed continues to widen. Our multiresolution scalar field model is a hierarchy of tetrahedral clusters generated by longest edge bisection that we call a hierarchy of diamonds. We propose two multiresolution models for representing isosurfaces, or interval volumes, extracted from a hierarchy of diamonds which exploit its regular structure. These models are defined by subsets of diamonds in the hierarchy that we call isodiamonds, which are enhanced with geometric and topological information for encoding the relation between the isosurface, or interval volume, and the diamond itself. The first multiresolution model, called a relevant isodiamond hierarchy, encodes the isodiamonds intersected by the isosurface, or interval volume, as well as their nonintersected ancestors, while the second model, called a minimal isodiamond hierarchy, encodes only the intersected isodiamonds. Since both models operate directly on the extracted isosurface or interval volume, they require significantly less memory and support faster selective refinement queries than the original multiresolution scalar field, but do not support dynamic isovalue modifications. Moreover, since a minimal isodiamond hierarchy only encodes intersected isodiamonds, its extracted meshes require significantly less memory than those extracted from a relevant isodiamond hierarchy. We demonstrate the compactness of isodiamond hierarchies by comparing them to an indexed representation of the mesh at full resolution.
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INTRODUCTION
T HE availability of very large meshes describing free-form shapes, terrains, and volume data sets has led to the investigation of hierarchical methods to control and adjust the level of detail (LOD) in the representation of a given data set. Multiresolution models provide a great deal of flexibility since they compactly encode a large number of different mesh-based representations of a shape, or of a field, and enable the efficient extraction of a variety of different representations at uniform or variable resolutions.
Numerous multiresolution models have been proposed for regular volume data sets where the regularity of the sampling can be exploited to yield an efficient representation. Models based on nested cubes, such as octrees, are popular since their cells are aligned with the data samples. However, models based on nested tetrahedra enable extraction of meshes that adapt better to a user-defined extraction criterion [1] .
Volumetric data sets are often analyzed through their surfaces of constant field value, known as isosurfaces, or through the subvolumes enclosed by two isosurfaces, known as interval volumes. These structures are based on a limited range of the field values and typically occupy a sparse, but spatially widespread, subset of the data set.
Multiresolution representations are useful to analyze and visualize isosurfaces and interval volumes, since, at full resolution, both can contain from millions to billions of triangles or tetrahedra. Furthermore, in scientific and medical applications, details at the highest available resolution are required on demand, and thus, simplified approximations of these data sets are not sufficient.
With this aim, we introduce two multiresolution models for encoding isosurfaces or interval volumes extracted from regularly sampled volume data. The basic ingredients of a mesh-based multiresolution model of a shape are a coarse representation of the shape, a collection of refinement modifications to the coarse mesh, and a dependency relation among such modifications which allow extracting correct simplified shape representations. The multiresolution models for isosurfaces and interval volumes that we propose are based on a nested tetrahedral decomposition of the cubic domain containing the data points, called a hierarchy of diamonds, which forms a multiresolution model of the 3D scalar field defined by the sampled volume data. The basic idea here is to exploit the regular nested decomposition of the domain to produce compact hierarchical representations of a single isosurface, or a single interval volume. Since the desired isosurface, or interval volume is known, these representations are able to decouple the implicit hierarchical and geometric relationships in the hierarchy of diamonds from the field values of the volume data set. Thus, such models enable a compact encoding of modifications to the irregular isosurface, or interval volume, in terms of regular modifications to the corresponding nodes of the hierarchy of diamonds.
The first multiresolution model that we propose for an isosurface, or an interval volume, which we call a Relevant Isodiamond (RI) hierarchy, encodes a collection of active modifications to the coarse representation, corresponding to the cells in the hierarchy of diamonds intersected by the isosurface, or interval volume, respectively. An RI hierarchy also encodes all relevant modifications, which are ancestors of active modifications that are not intersected by the isosurface, or the interval volume. Relevant modifications enable spatial access to the active modifications and guarantee that all the meshes extracted from the RI hierarchy are free of cracks.
The second multiresolution model that we propose, which we call a Minimal Isodiamond (MI) hierarchy, encodes the active modifications as well as a small subset of the relevant modifications corresponding to the creation of new isosurface, or interval volume, components. As a consequence, this model requires a careful analysis to guarantee that the extracted meshes do not self-intersect. In addition to the reduced storage requirements, we show that the same uniform and variable-resolution representation of the encoded isosurface, or interval volume, can be extracted from the MI hierarchy as from the RI model, but in less time, and using less memory.
Isodiamond hierarchies extend our previous work on multiresolution interval volume meshes [2] , in which the multiresolution model was equivalent to the relevant isodiamond hierarchy encoding an interval volume. Here, we first unify the mesh-based extraction framework and generalize the method to isosurfaces as well as interval volumes. Moreover, we introduce the smaller and faster minimal isodiamond model which only represents modifications that increase the number of cells in the extracted mesh. Both representations support efficient general selective refinement operations to extract crack-free meshes at different resolutions from the model using applicationdependent extraction criteria.
The remainder of this paper is organized as follows: Section 2 provides some background concepts that we will use throughout the paper. In Section 3, we review related work. The properties of diamond hierarchies are discussed in Section 4, which forms the basis for our multiresolution isodiamond model introduced in Section 5. In Sections 6 and 7, we discuss the relevant isodiamond and minimal isodiamond hierarchies, respectively. We present our experimental results in Section 8, and draw some concluding remarks in Section 9.
BACKGROUND NOTIONS
In this section, we introduce some background notions on isosurfaces and interval volumes, on nested meshes generated through longest edge bisection, and on multiresolution mesh-based models that we will use in the remainder of the paper.
Isosurfaces and Interval Volumes
A 3D scalar field is given as a discrete set of points V in a domain & IR 3 , where a scalar value F ðvÞ is associated with each point v 2 V . The points of V , along with their associated field values, form a volume data set, which is modeled as a polyhedral mesh. The vertices of the mesh are located at the data points and an interpolating function is defined over the cells of the mesh. Here, we consider models of a volume data set based on tetrahedral meshes defined over regularly sampled rectilinear grids, in which linear interpolation is used over the tetrahedra forming the mesh. We use conforming tetrahedral meshes, in which the intersection of any two tetrahedra is either empty or it is a triangle, edge, or vertex belonging to the boundary of both of them. A model of a volume data set defined on a nonconforming mesh may contain cracks in correspondence to the boundary of adjacent cells of the mesh.
An isosurface of isovalue intersects all cells that have at least one vertex whose field value is greater than , and at least one vertex whose field value is less than . Such cells are considered to be active with respect to . Fig. 1a shows an example of an isosurface extracted from a nested triangle mesh.
An interval volume of isorange K :¼ ½; is bounded by two surfaces: the lower surface, corresponding to the isosurface of isovalue , and the upper surface, corresponding to the isosurface of isovalue . Thus, the interval volume passes through cells that intersect one, or both, isosurfaces, or that lie between the two surfaces. Such cells are considered to be active with respect to isorange K. Cells that are not active with respect to the chosen isovalue, or isorange, are considered to be inactive, or empty. Fig. 1b shows an example of an interval volume extracted from a nested triangle mesh.
Each isovalue implicitly defines a binary-valued sign field B on the vertices v 2 V whose bits are set when corresponding scalar values of F are greater than , namely: if < FðvÞ:
Within each tetrahedron t, the sign field, along with an appropriately defined lookup table, can be used to unambiguously triangulate the intersection of the isosurface (or interval volume) with t. We call this intersection the isosurface (or interval volume) patch embedded within t. Note that, when using linear interpolation on tetrahedral cells, the vertices of the patch are only generated along the active edges of t.
Longest Edge Bisection Meshes
A tetrahedral mesh, in which the tetrahedra are defined by the uniform subdivision of a tetrahedron into scaled copies, is called a nested tetrahedral mesh. A special class of nested tetrahedral meshes are those generated by bisecting tetrahedra along their unique longest edge that we call Longest Edge Bisection (LEB) meshes. The bisection rule for a tetrahedron t consists of replacing t with the two tetrahedra obtained by bisecting t along the plane passing through the middle point of its longest edge e and the edge of t opposite to e (see Fig. 2 ). This rule, when applied recursively to an initial decomposition of a cubic domain into six tetrahedra sharing a diagonal of the cube, generates a nested tetrahedral mesh composed of three similarity classes of tetrahedra that we call 0-tetrahedra, 1-tetrahedra and 2-tetrahedra, respectively [3] . The unique longest edge of a 0-tetrahedron is aligned with the diagonal of an axisaligned cube, that of a 1-tetrahedron is aligned with the diagonal of a face of an axis-aligned cube, and that of a 2-tetrahedron is aligned with an edge of an axis-aligned cube (see Fig. 3 and compare to Fig. 4 ).
Mesh-Based Multiresolution Models
Multiresolution models based on the decomposition of a shape into a simplicial mesh compactly encode a large number of different mesh-based representations of the shape.
In [1] , [4] , a general dimension-independent framework for mesh-based multiresolution representations has been proposed that has been shown to encompass the vast majority of multiresolution models developed in the literature. The three components of a mesh-based multiresolution model of a shape are:
. a coarse mesh À b that we call the base mesh, . a set of modifications U, and . a dependency relation R defined on the modifications in U. Each modification specifies a local change to a mesh. It consists of replacing a subset À of its cells with another set of cells À 0 and is denoted as u ¼ ðÀ; À 0 Þ. Each cell in À must either be part of the base mesh, or be created by exactly one modification in U. We are interested in modifications such that both À and À 0 are conforming meshes and the combinatorial boundary of À consists of the same set of cells as that of À 0 . Recall that, in a conforming mesh, the intersection between two cells is either empty or a lower dimensional cell on the boundary of both cells.
A direct dependency relation R is defined over the set U of all modifications as follows: a modification u 1 ¼ ðÀ 1 ; À 0 1 Þ directly precedes a modification u 2 ¼ ðÀ 2 ; À 0 2 Þ if and only if some cell of À 0 1 is also in À 2 , i.e., if u 2 removes some cell inserted by u 1 . The transitive closure of the dependency relation can be proven to be a partial order over set U [1] . The direct dependency relation can thus be described as a Directed Acyclic Graph (DAG), in which the nodes represent modifications and the arcs represent direct dependency links. We call this graph the dependency graph of the model.
Thus, a multiresolution model M ¼ ðÀ b ; U; RÞ provides a compact way of encoding all conforming meshes that can be obtained by recursively applying the modifications in U to the base mesh À b . Each such mesh is in one-to-one correspondence with a subset of U that is closed with respect to relation R. A subset U 0 of the modifications in U is called closed if, for each modification u in U 0 , all predecessors of u with respect to the transitive closure of R belong to U 0 . The collection of all closed sets of modifications in a multiresolution model M defines the complete set of meshes that can be extracted from M. By applying all the modifications in U to the base mesh, we obtain the mesh at full resolution described by M.
Selective refinement is the basic query operation on a multiresolution model in terms of which all applicationdependent queries can be expressed [5] . Selective refinement is the operation of extracting the smallest size mesh from a multiresolution model based on a user-specified selection criterion. This is equivalent to computing the closed set of modifications from U necessary to extract a mesh AE of minimal size satisfying the specified criterion. The selection criterion is usually based on approximation error, field values, spatial location, and/or distance to objects of interest such as the viewpoint.
RELATED WORK
In this section, we discuss methods related to isosurface and interval volume extraction with a specific focus on those operating on regularly sampled volume data sets. We also discuss hierarchical and multiresolution representations for isosurfaces and interval volumes extracted from volume data sets.
The original marching cubes (MC) algorithm [6] is a casebased divide-and-conquer approach over cubic cells, where isosurface vertices are positioned along active edges of the cubic grid, and isosurface patches are triangulated based on the configuration of the sign values of the scalar field at the vertices of each cell. Ambiguous configurations can be resolved through more extensive lookup tables [7] , or by using tetrahedral cells [8] . An alternative set of intersection cases can be created for surfaces dual to those of the marching cubes, where a single vertex is generated within each active cell, and a single quad is generated for each intersected edge [9] , [10] .
Interval volumes were introduced concurrently by Fujishiro et al. [11] and Guo [12] as a bridge between direct and indirect volume rendering techniques. Fujishiro et al. [11] , [13] extend the MC algorithm to extract interval volumes from cubic cells. Nielson and Sung [14] provide a globally consistent interval volume triangulation of tetrahedral cells through a unique lexicographic ordering of the patch vertices within a cell. Alternatively, Bhaniramka et al. [15] , [16] create interval volume intersection cases for convex cells by first extracting an isosurface from higher dimensional hyperprisms and then projecting the isosurface onto an interval volume in the cell. Zhang et al. [17] develop a dual interval volume technique where cells intersecting a surface are extracted using an adaptation of the dual contouring method [10] while internal cells are tetrahedralized by inserting Steiner points at their center.
Due to the size of extracted isosurfaces, there has been much research on accelerating the extraction process and on simplifying the resulting meshes. The Min-Max octree [18] provides hierarchical access to active cells by aggregating field values within nested regions. Adaptive marching cubes algorithms [19] , [20] , [21] enable the extraction of variable-resolution isosurfaces, where the sizes of active cells are not required to be uniform. A specific concern when extracting an isosurface, or an interval volume, from a multiresolution scalar field is the extraction of conforming (crack-free) meshes. This is typically (although not always [21] ) accomplished through restrictions on the decomposition of neighboring cells. Certain classes of volume data sets, such as distance fields, admit an efficient adaptive representation of the regularly sampled scalar field [22] .
Conforming tetrahedral meshes do not suffer from the cracking problem but such meshes contain more cells than hexahedral meshes. Some authors have been using hierarchies of tetrahedra that encode the nested structure of LEB meshes as a multiresolution representation of a 3D scalar field [23] , [24] , [25] , [26] . Gerstner et al. [24] , [25] propose a top-down isosurface extraction algorithm from a hierarchy of tetrahedra in which the extracted mesh is maintained conforming through the use of a conservative error saturation criterion. For the same problem, Lee et al. [26] propose an Oð1Þ neighbor-finding algorithm which allows tetrahedra adjacent through their longest edge to be processed together. An alternative approach to ensure the extraction of conforming meshes is to consider a multiresolution model of an LEB mesh in which the modifications are clusters of tetrahedra, called diamonds, sharing their longest edge [1] , [27] . Gregorski et al. [27] propose an efficient data structure for such a model and extend the dual-queue refinement and coarsening approach of Duchaineau et al. [28] to enable interruptible extraction with frame-to-frame coherence. A data structure for clustering diamonds to represent a sparse scalar field is introduced in [29] . Cases describing the topology of isosurface patches within diamonds are introduced in [25] .
Hierarchical representations have also been developed for variable-resolution meshes extracted from a volume data set. The key distinction of these representations is that they do not store the field values but, instead, they represent the sign field at each vertex of the hierarchical grid. Consequently, they only represent a single (variableor multi-resolution) mesh and do not support scalar field operations such as distance computations and Boolean operations. Mello et al. [30] extract an approximate variableresolution representation of an isosurface from a 3D point cloud by first computing the sign field of the vertices of a nested tetrahedral mesh. The Adaptive Dual Contouring method proposed in [10] represents the isosurface as an octree in which the leaves contain the isosurface, and the connectivity between nodes is implicitly determined through the face neighbors in the octree. This method enables a bottom-up simplification process, but does not guarantee that the extracted meshes are conforming. Later approaches [31] , [32] ensure that the extracted surface is manifold, but do not guarantee that it is free of selfintersections. Conversely, the approach of Ju and Udeshi [33] ensures that the surface does not intersect, but does not guarantee that it is manifold. Zhang et al. [17] extend the adaptive dual contouring method for variable-resolution interval volumes. All these approaches support a (bottomup) simplification process, rather than the more general (top-down) selective refinement query, i.e., it is not possible to extract variable-resolution meshes of minimal size satisfying an error criterion. Alternatively, a multiresolution representation of the extracted mesh enables the generation of variable-resolution meshes satisfying an applicationdependent error criterion at runtime.
Pascucci and Bajaj [34] present a progressive isosurfacing algorithm for LEB hierarchies in 2D and 3D in terms of a small set of mesh update primitives. They define a oneto-one correspondence between isosurface modifications and conforming modifications that generate them. Additionally, they prove that for a hierarchy with n nodes, the extraction of an isosurface of size k requires Oðk log nÞ size and time. However, since the modifications are defined in terms of basic mesh operations, it becomes more difficult to define the different intersection cases and to guarantee correctness as the dimension and complexity of the cases increases (e.g., for conforming modifications to interval volumes). Also, they do not discuss a data structure for the extracted meshes or how the structure might be queried. Lewiner et al. [35] provide a multiresolution isosurface encoding where only modifications in the hierarchical tubular neighborhood of the surface are encoded. However, their model defines a total order for the modifications, rather than a partial order, limiting the number of encoded meshes. In [2] , we present a model for multiresolution interval volume meshes generated from an LEB hierarchy where the modifications are compactly encoded clusters of tetrahedra, and the dependency relation is implicitly determined from that of the LEB hierarchy.
The current work improves on previous approaches by abstracting the mesh extraction method of [2] through the use of isodiamonds. Thus, multiresolution isosurfaces and interval volumes can be treated in the same framework. Additionally, we introduce minimal isodiamond hierarchies as a means of reducing the storage and computational costs associated with extracting variable-resolution isosurfaces and interval volumes. Isodiamond hierarchies efficiently support general selective refinement queries to extract conforming meshes of minimal size satisfying application-dependent selection criteria.
A HIERARCHY OF DIAMONDS
The modification to a tetrahedral mesh induced by the longest edge bisection rule does not generate a conforming mesh. Thus, we consider the cluster of tetrahedra that need to be subdivided together, i.e., the set of tetrahedra sharing their longest edge [1] , [27] . Such clusters of tetrahedra are usually called diamonds, and we call the shared longest edge the spine of the diamond. Since all tetrahedra in a diamond share their spine, there are three similarity classes of diamonds, corresponding to the three classes of tetrahedra in an LEB mesh (see Section 2.2). Specifically, 0-diamonds have spines aligned with the diagonal of an axis-aligned cube (see Fig. 4a ), 1-diamonds have spines aligned with a face-diagonal (see Fig. 4b ), and 2-diamonds have spines aligned with an edge of such a cube (see Fig. 4c ). An idiamond for i 2 f0; 1; 2g is formed by f6; 4; 8g tetrahedra and is bounded by f8; 6; 10g vertices, respectively.
A diamond is subdivided by bisecting all the tetrahedra forming according to the longest edge bisection rule. The local effect of the subdivision of diamond is the removal of its spine, the insertion of a vertex v c at the center of , and of new edges from v c to each of the vertices of (see Fig. 5 ). We call such edges the subdivision edges of , and typically denote the subdivided diamond associated with as s . A diamond can be identified by its spine, or alternatively, by the midpoint of the spine, called its central vertex. Since the central vertex and the subdivision edges lie entirely within a single diamond, they can be uniquely associated with that diamond. Note that during a subdivision, all changes are local and occur within the interior of the diamond. As such, the vertices, edges, and faces on the boundary of are not affected by its subdivision.
Thus, we define a Hierarchy of Diamonds (HD) as a multiresolution model that we denote as Á, in which the base mesh is defined by the diamond whose spine is a diagonal of the cubic domain . A modification in Á is a pair defined by an (unsubdivided) diamond and by the subdivided diamond s associated with it, and is denoted as u ¼ ð; s Þ (see Fig. 5 ). The dependency relation is defined as in Section 2.3, and thus, Á is described by a dependency graph which is a DAG.
Let u p ¼ ð p ; p s Þ be a modification that directly precedes u c ¼ ð c ; cs Þ in the dependency graph of Á (we say that modification u p is a parent of u c , and u c is a child of u p ). Then, there is at least one tetrahedron in the subdivided diamond ps that is also in the unsubdivided diamond c . We call p a parent diamond of c and c a child diamond of p in the hierarchy. The dependency graph in a hierarchy of diamonds Á has a fixed structure which is induced by the regularity of the vertex distribution and by the subdivision pattern. With the exception of diamonds whose spines lie on the domain boundary, 0-diamonds have three parents and six children, 1-diamonds have two parents and four children, and 2-diamonds have four parents and eight children. This also holds for the corresponding modifications in Á.
Fig . 6 shows the direct dependency relation between two modifications u p ¼ ð p ; ps Þ and u c ¼ ð c ; cs Þ in 2D. u p is a parent of u c since ps and c have a triangle in common (light blue). In the 3D case, we observe that a subdivided parent diamond ps and its (unsubdivided) child c always have two tetrahedra in common. We call this pair of tetrahedra a parent-child duet or, simply, a duet. A duet between p s and c consists of two face-adjacent tetrahedra whose shared face is defined by the two spine vertices of c and by the central vertex of p s (see Fig. 7 ). Duets define the unique contribution of tetrahedra from a parent diamond to one of its children, and thus, they are in one-to-one correspondence with the arcs of the dependency graph of Á. The regularity of a hierarchy of diamonds can be exploited to yield an implicit encoding for all geometric and hierarchical components of a diamond. We have developed an implicit encoding, which has been generalized in [36] , to encode a hierarchy of diamonds in arbitrary dimensions. In the following, we assume Á covers a regular cubic domain of size ð2 N þ 1Þ 3 , where N is the maximum level of resolution and vertices of diamonds in Á have integer coordinates in the range ½0; 2 N . We consider the binary representation of the coordinates v x , v y , and v z of the central vertex v c of a diamond :
The location of the vertices of diamond as well as the central vertices of its parents and children can be derived in terms of scaled offsets from v c . The level ' of an i-diamond is equal to the number of i-diamond ancestors of in the dependency graph (i.e., its depth in the graph modulo 3). We define the scale of in terms of its level as ðÞ ¼ N À 'ðÞ. The scale is encoded as the minimum of the number of trailing zeros among the coordinates v x , v y , and v z of v c (see in (1)). Consequently, the rightmost bits of all coordinates of v c are all zero, but at least one of the bits at location þ 1 (i.e., d x2 , d y2 , or d z2 ) is nonzero. The bits at positions þ 1 and þ 2 in the coordinates of v c (i.e., those containing the letter d in (1)) uniquely define the type of . The similarity class of is encoded within by the number of zeros at position þ 1 of v c .
The scaled offsets that allow computing the vertices of and the central vertices of its parents and children can be derived directly from the type and the scale of or can be accessed from a precomputed lookup table based on [36] . Thus, the parent-child dependency relation of Á is implicitly encoded.
A hierarchy of diamonds is the basis for a multiresolution model of a scalar field. In this case, a scalar value is associated with the central vertex of each diamond as is the diamond's approximation error, which is often precomputed to accelerate selective refinement queries. The error associated with a diamond is the maximum interpolation error for all points within its domain, i.e., ðÞ ¼ Max p2 ððpÞÞ, where ðpÞ is the absolute difference between the scalar value at point p and the value obtained by interpolating the scalar values at the vertices of . Often, the range of scalar values within the domain of is also encoded [18] so that irrelevant regions can be culled during selective refinement. All such information is associated with a diamond, or its central vertex, and thus, a hierarchy of diamonds built on a regular volume data set can be efficiently encoded as a 3D array.
MULTIRESOLUTION ISODIAMONDS
Due to the size of isosurfaces, or interval volumes, extracted from volume data sets, simplified representations for such structures need to be used. These simplified representations are usually obtained by applying a local mesh coarsening operator, such as an edge collapse, to the full-resolution mesh describing the isosurface, or interval volume.
Moreover, it is often desirable to have a multiresolution representation of a specific isosurface, or interval volume, from which simplified adaptive representations can be efficiently extracted on demand. When a multiresolution isosurface, or interval volume, is extracted from a multiresolution model of the underlying 3D scalar field, its structure should be coherent with the model of the scalar field. In other words, a natural multiresolution representation for an isosurface, or an interval volume, is defined by the intersection of the former with the atomic modifications in the multiresolution model of the field. The resulting multiresolution model clearly inherits the dependency relation from the dependency graph of the multiresolution field model.
We consider here the problem of defining multiresolution models of isosurfaces, and interval volumes, when the underlying multiresolution field model is defined by a hierarchy of diamonds. As shown in Section 4, the regularity of the vertex distribution of a hierarchy of diamonds enables a very compact encoding which we exploit to produce effective and compact multiresolution models for isosurfaces and interval volumes. Specifically, each local modification to the isosurface, or interval volume, intersecting a specific diamond has a one-to-one correspondence with the modification associated with . Since diamonds are defined on a regular grid, they are much simpler to encode than the modifications to the general triangle or tetrahedral mesh representing the isosurface, or interval volume.
The basic idea in defining a multiresolution model for an isosurface S, or interval volume I, extracted from a hierarchy of diamonds Á consists of considering only a subset of the diamonds in Á, and possibly, the intersection of S or I with such diamonds. We call the diamonds in this multiresolution model isodiamonds, and the intersection of an isodiamond with S or I an isosurface or interval volume patch, respectively. Each patch is triangulated based on the values of the sign field associated with the corresponding diamond in Á. We call the ordered set of such sign values the bit pattern of the diamond.
Since we are interested in the ability to reconstruct the isosurface S, or interval volume I, at intermediate uniform or variable resolutions, we need to include in the model all isodiamonds with nonempty patches that we call active isodiamonds. However, since S or I depends on the range of the scalar field rather than its domain, we require a spatial index on the active isodiamonds. The latter is obtained by considering the relevant isodiamonds, which are the ancestors of active isodiamonds that have empty patches. An important subset of the relevant isodiamonds are the creation isodiamonds, which create a new topological component of S or I upon subdivision. The remaining isodiamonds are inactive with respect to S or I.
More formally,
. an active isodiamond is an isodiamond such that both and the associated subdivided isodiamond s contain at least one active tetrahedron; thus, both and s are intersected by the isosurface or interval volume (see Fig. 9 ). . a creation isodiamond is an isodiamond which does not intersect the isosurface S or the interval volume I, but the tetrahedra of the associated subdivided isodiamond s are all active (see Fig. 10 ). . a relevant isodiamond is an isodiamond which does not intersect the isosurface S or interval volume I but at least one of its descendants intersects either S or I. Fig. 8a illustrates the various isodiamond types on a small isodiamond hierarchy whose underlying hierarchy of diamonds Á covers a square 2D domain and has the dependency graph depicted in Fig. 8b . For simplicity, we only show the unsubdivided diamonds. The central vertices of active, relevant, creation, and inactive isodiamonds are indicated by green, blue, red, and white vertices at their spine centers, respectively. The top row describes the single (unsubdivided) isodiamond corresponding to the root of Á. Since it intersects the isosurface, it is an active isodiamond (indicated with a green central vertex). The next row describes the four children of the root diamond in Á. Two of these are active isodiamonds (green), and the other two are relevant isodiamonds (blue). The third row shows the four children of those at level two, of which, two are active isodiamonds, one is a relevant isodiamond, and one is a creation isodiamond. As illustrated in the final row, the patches generated by subdividing the creation isodiamond form a new isosurface component. Fig. 11 illustrates the isodiamond types of the 2D Bonsai tree data set ( ¼ 58) by coloring the central vertices as above. The hierarchy is encoded implicitly using a 2D array as described in Section 4.
We have developed two multiresolution models for isosurfaces and interval volumes extracted from a diamond hierarchy. The Relevent Isodiamond (RI) hierarchy (described in Section 6) closely follows the hierarchy of diamonds encoding the underlying field since it represents both the active isodiamonds and the relevant isodiamonds. In contrast, the Mimimal Isodiamond (MI) hierarchy (described in Section 7) just contains the modifications that intersect the isosurface S, or interval volume I. Since the relevant isodiamonds do not intersect S or I, and mainly serve as a spatial access structure for the active and creation isodiamonds, they are not strictly necessary to reconstruct S or I. The key novelty in the MI model is its ability to extract simplified conforming meshes describing the isosurface, or interval volume, without storing the relevant isodiamonds.
Encoding Isodiamonds
Due to the one-to-one correspondence between isodiamonds and diamonds in the hierarchy of diamonds, each patch in the RI or MI hierarchy is encoded (using a marching cells rule) through: 1) the bit pattern of the corresponding diamond and 2) the isovertices of the corresponding patch, which we call isovertices. Each patch can then be triangulated via a lookup table on the bit pattern by using the isovertices.
Since diamond modifications are local and only affect the interior vertices and edges of the diamond (see Fig. 5 ), we may assume that the bit pattern and isovertices on the boundary of an isodiamond have already been encoded in ancestor isodiamonds. Thus, the patch corresponding to a subdivided isodiamond s can be reconstructed from the patch corresponding to using only 1) the sign value of the central vertex of s and 2) the isovertices for each active subdivision edge of s . Fig. 9 illustrates a modification to an interval volume patch (in 2D) corresponding to the subdivision of an active isodiamond . Observe that the modification removes the isovertices on the spine of (red vertices in Fig. 9a ) and inserts new isovertices along its active subdivision edges (blue vertices in Fig. 9b) . The patch is then retriangulated using the new isovertices. Patch vertices and edges intersecting the diamond's boundary are unaffected by the modification.
Recall that, under linear interpolation, all patch isovertices lie along edges of tetrahedra. Thus, rather than encoding each isovertex using its ðx; y; zÞ position, we use an interpolation coefficient along the unique subdivision edge containing the vertex. For compactness, we quantize each isovertex to a single byte. This is an appropriate compromise between storage space and accuracy, since the lengths of the diamond edges shrink as their level increases.
Based on the bit pattern associated with the isodiamond, a lookup table can be used to determine the number of isovertices introduced by the modification as well as an (ordered) list of indices for the active subdivision edges. To maintain constant-sized modifications, the isovertices are stored in a global isovertex array and only the index of the first isovertex is encoded with each modification.
Note that the encoding of an isodiamond does not include the scalar values of the original volume data set, but only the sign field of the vertices of the data set. The efficiency of the resulting data structure derives from exploiting the regular spatial decomposition and the implicit dependency relation induced by the hierarchy of diamonds representation, while only encoding the modifications that relate to the specific isosurface or interval volume.
RELEVANT ISODIAMOND HIERARCHIES
In this section, we present the RI hierarchy for an isosurface S, or an interval volume I. We describe first the data structure encoding it (Section 6.1). Next, we review the algorithm for generating an RI hierarchy from a hierarchy of diamonds (Section 6.2). Finally, we discuss how variable-resolution isosurfaces, or interval volumes, can be extracted from an RI hierarchy through selective refinement (Section 6.3).
An RI hierarchy that we denote as Á R , is defined by the subset of modifications of the corresponding hierarchy of diamonds Á that are active or relevant with respect to the isosurface S, or interval volume I. The dependency relation in Á R is defined as the restriction of Á's dependency relation to the active and relevant isodiamonds. Thus, every relevant and active isodiamond will have in Á R the same parents as the corresponding diamond in Á but some of the children isodiamonds might be missing in Á R (as compared to Á), if they are neither active nor relevant. Fig. 8c shows the dependency graph of the RI hierarchy Á R associated with the multiresolution isosurface representation of Fig. 8a . The graph describing Á R contains a subset of the arcs of Á's dependency graph (see Fig. 8b ), where the missing arcs have endpoints corresponding to inactive isodiamonds (white central vertices).
It can be easily seen that the dependency graph describing Á R is a connected subgraph of the one describing Á and has the same root, which can be an active or a relevant isodiamond. Although the relevant isodiamonds do not intersect S or I, and thus, their associated patches are empty, they are used here to guarantee the transitive closure of the dependency relation (as discussed in Section 2.3).
Data Structure
The patch of S or I corresponding to the base mesh is encoded through the sign field of the eight corner vertices of the cubic field domain and through interpolation coefficients for all the isovertices along the active edges of the root diamond.
All isovertices introduced during a modification are located along the active subdivision edges of its associated subdivided isodiamond s , and are stored in the isovertex array as interpolation coefficients. For interval volumes, each subdivision edge can be active with respect to the lower surface and/or the upper surface, and thus, can generate at most two isovertices. Since isovertices between the two surfaces of I coincide with the vertex of a diamond they are implicitly encoded. Thus, only the isovertices of an interval volume's upper and lower surfaces need explicit encoding. Since the dependency relation in Á R is inherited from the dependency relation of Á, we can compute all parents and children from the coordinates of the central vertex of the isodiamonds.
With each modification u ¼ ð; s Þ in an RI hierarchy, we encode the following information, thus using 12 bytes per modification:
. central vertex v c of the isodiamond (encoded using six bytes as three unsigned shorts); . sign value of v c (encoded using one bit for isosurfaces or two bits for interval volumes); . index of the first isovertex associated with the modification in the isovertex array (encoded as a four-byte unsigned int); . approximation error associated with the isodiamond to accelerate selective refinement queries (quantized to 14 bits in the range ½0; 1). Assuming that the vertices of the base mesh of the hierarchy of diamonds Á are located at offset zero in the vertex array, the cost of encoding the base mesh is just that of encoding its sign field. Since the root diamond is a 0-diamond with eight vertices, its sign field requires a single byte for isosurfaces or two bytes for interval volumes. Since each isovertex is encoded as an interpolation coefficient using eight bits, storing the jvj isovertices requires jvj bytes. Finally, since the dependency relation is implicitly derived, the cost of the data structure for encoding an RI hierarchy is where jm a j is the number of active isodiamonds and jm r j is the number of relevant isodiamonds.
Generating an RI Hierarchy
Given a hierarchy of diamonds Á and an isovalue for isosurfaces (or an isorange K for interval volumes), an RI hierarchy Á R is generated from Á by performing a top-down traversal of the dependency graph describing Á. At each node, the algorithm checks whether the min/max field values associated with the corresponding modification contain the isovalue (or the isorange). Modifications that do not contain the isovalue (or isorange) are irrelevant and neither they nor their descendants are stored in the RI hierarchy. All modifications that contain the isovalue (or isorange) will be copied in Á R as pointed out before, but only some of them (i.e., the active ones) intersect the isosurface (or interval volume). A closure operation must then be applied to ensure that all relevant ancestors are retained. For all diamonds which intersect the isosurface, or the interval volume, the field values associated with the vertices of are used to compute the interpolation coefficients of each new isovertex along the active subdivision edges. Specifically, for each active subdivision edge e :¼ fv; v c g of , where v c is the central vertex of , the interpolation coefficient is computed as ¼ ð À F ðv c ÞÞ=ðF ðvÞ À F ðv c ÞÞ. It is then quantized to eight bits as the integer value b Â 2 8 þ 0:5c.
Selective Refinement on an RI Hierarchy
Simplified isosurfaces, or interval volumes, can be extracted from the relevant isodiamond hierarchy through selective refinement. The selective refinement query is defined through a selection criterion based on the approximation error, which can vary in different parts of the isosurface (or interval volume).
The selective refinement algorithm operates as a topdown traversal of the dependency graph describing the RI hierarchy Á R . It is initialized with the modification corresponding to the root of Á R , and at each step, extracts a closed set of modifications defining a cut in the dependency graph of Á R , called the active front.
Since each modification in an RI hierarchy Á R is a modification in the corresponding hierarchy of diamonds Á, there are two meshes associated with a cut C defining an active front. The current diamond mesh AE is formed by tetrahedra of Á belonging to the base mesh or generated by the modifications in C or in their ancestors. The current extracted mesh AE is formed by triangles of the isosurface (or tetrahedra of the interval volume) intersecting the tetrahedra in the current diamond mesh. The latter contains the triangles (or tetrahedra) intersecting the base mesh or generated by the active or creation modifications in C or in their ancestors.
In our implementation, we keep track of the active front and encode AE's patches by storing the bit patterns and isovertices of the unsubdivided isodiamonds corresponding to diamonds in AE .
The selective refinement process extracts the current extracted mesh satisfying the specified selection criterion by moving the active front down from the root of the dependency graph. Modifications are performed if an isodiamond does not satisfy the selection criterion, or they are forced in order to satisfy the transitive closure of the dependency relation (thus, they may be applied even to isodiamonds which satisfy the error criterion). In either case, a modification cannot be applied until all of its ancestor modifications have been applied. Since relevant isodiamonds are also stored in an RI hierarchy, all ancestors of a given isodiamond are guaranteed to be available.
All meshes extracted from an RI hierarchy are conforming since the patch within each diamond is conforming, and a careful generation rule for the intersection cases ensures that adjacent patches are conforming (e.g., edges of neighboring patches are aligned). This is not an issue for isosurfaces, but, for interval volumes, this is guaranteed through the use of a unique lexicographic ordering on the vertices [14] . Fig. 14a illustrates the result of a selective refinement query on the RI hierarchy defined by isovalue ¼ 58 on the 2D Bonsai tree data set (see Fig. 11 ). The current diamond mesh (gray, blue, and green triangles) covers the entire domain, and the current extracted mesh (blue line segments) approximates the isosurface at full resolution.
MINIMAL ISODIAMOND HIERARCHIES
In this section, we introduce the MI hierarchy for an isosurface S, or an interval volume I. An MI hierarchy that we denote as Á M , is defined by the subset of modifications of a relevant isodiamond hierarchy Á R that increase the number of simplices in the extracted isosurface, or interval volume. Thus, only creation and active isodiamonds are included. The remaining relevant isodiamonds are excluded from Á M , and their absence must be accounted for in the model as well as during selective refinement.
The base mesh of Á M is formed by the (unsubdivided) creation isodiamonds and by the unsubdivided diamond associated with the root of Á R , if the latter corresponds to an active isodiamond. The modifications in Á M correspond to the subdivision of active and creation isodiamonds. Finally, Á M 's dependency relation is a subset of Á R 's dependency relation restricted to the active and creation isodiamonds. Clearly, it can also be viewed as the restriction of the dependency relation of Á to the modifications in Á M . Thus, the dependency graph of Á M is a (possibly disconnected) subgraph of the dependency graph describing Á R , whose roots are the creation isodiamonds as well as the root of Á R , if it is an active isodiamond. Fig. 8d shows the dependency graph for the MI hierarchy Á M associated with the multiresolution isosurface representation of Fig. 8a . The single creation isodiamond on the third row is a root of Á M 's dependency graph. Additionally, since the root of Á R is an active isodiamond, it is also a root of Á M 's dependency graph. Compared to the dependency graph of Á R in Fig. 8c , we observe that all arcs leading from active or creation isodiamonds to active isodiamonds are retained, while those containing a relevant isodiamond or leading to a creation isodiamond are not retained by Á M .
We can get a better understanding of the structure of the dependency graph by analyzing the arcs between its modifications. Recall that the parent-child duets have a one-to-one correspondence with the arcs of the dependency graph of Á (see Section 4). We consider a parent-child duet to be active if at least one of its tetrahedra are active, i.e., intersected by the isosurface or interval volume. We now show that the arcs of the dependency graph of Á M correspond to the active parent-child duets of the dependency graph of Á R . Since nonactive duets do not carry information related to the isosurface S, or the interval volume I, the arcs of the dependency graph of Á M retained from the ones of Á R are exactly those between parents and children corresponding to active parent-child duets. However, recall that the dependency graph is not explicitly represented in the model.
Properties of an MI Hierarchy
We report here some properties of creation isodiamonds c and active isodiamonds a in the MI hierarchy and in the corresponding RI hierarchy. These properties are important for extracting conforming representations from an MI hierarchy. The parents of a creation isodiamond in Á R can be either active or relevant isodiamonds, as depicted in Fig. 12 , where the parents of a creation isodiamond (red) are an active isodiamond (green) and a relevant isodiamond (blue), respectively. Since creation isodiamonds are roots of Á M , none of these arcs are retained in the dependency graph of Á M .
The children of a creation isodiamond in Á R are all active isodiamonds. Since the duet d ca between a creation isodiamond c and a child a is active, the corresponding arcs are all retained in the dependency graph of Á M .
An active isodiamond a , by definition, has at least one active duet such that a is the parent (unless a is a leaf in the dependency graph), and at least one active duet such that a is the child (unless a is the root of Á R ). The parents of an active isodiamond a in Á R can be either active, creation, or relevant isodiamonds:
. All creation isodiamond parents correspond to active duets and the corresponding arcs are retained in the dependency graph of Á M . . An active isodiamond parent is retained in the dependency graph of Á M only if the corresponding duet is active. . The relevant isodiamond parents in Á R do not correspond to active duets and are not retained in Á M . Similarly, the children of an active isodiamond a in Á R can be either active, creation, relevant, or inactive isodiamonds. The only arcs retained in the dependency graph of Á M are those corresponding to an active child diamond and to an active duet between a and .
Recall that, by definition, the spine of an active diamond a is part of all duets containing a as child. If the sign values of the spine differ, all duets containing a as child are active, and their corresponding arcs are retained in Á M . This corresponds to a diamond whose spine intersects the isosurface or one (or both) of the bounding surfaces of the interval volume. In addition, when representing interval volumes, all duets are active if the signs of the spine vertices are both zero, corresponding to a diamond whose spine is located between the two bounding surfaces. Otherwise, some of the duets could be inactive. Only the arcs between a and a parent corresponding to active duets are retained by Á M . Table 1 summarizes the status of Á M 's dependency graph arcs based on the isodiamond types of the parent p and the child c of a duet d pc .
Data Structure
The MI hierarchy is represented in the same way as the RI hierarchy (see Section 6.1), where each modification is encoded using 12 bytes, and each vertex requires a single byte. Consequently, a model with jm c j creation isodiamonds, jm a j active isodiamonds, and jvj isovertices requires Since the creation isodiamonds are required to initialize the base mesh, for efficiency, we store the creation isodiamonds separately from the active isodiamonds. Note that, since active and creation isodiamonds are the only modifications that contain patches of the output isosurface or interval volume, the MI hierarchy represents exactly the same set of isovertices (and thus, patches) as the RI hierarchy, despite encoding significantly fewer modifications.
The Minimal Isodiamond hierarchy is generated from a hierarchy of diamonds in a similar manner as the RI hierarchy (as detailed in Section 6.2). The only difference is that when adding isodiamonds to the model, we must additionally test for the type of isodiamond. These tests are efficiently carried out by applying bitmasks to the bit pattern of each diamond. If the bit pattern of a diamond is not homogeneous, then is an active isodiamond. If only the sign of the central vertex differs from those of the other vertices, then is a creation isodiamond. Otherwise, the diamond is discarded. In all cases, if the min/max range of a diamond contains the isovalue or isorange, we recursively test all of its descendants.
Selective Refinement on an MI Hierarchy
Uniform and variable-resolution isosurfaces, or interval volumes, can be extracted from an MI hierarchy through a similar selective refinement process as the RI hierarchy (as discussed in Section 6.3). There are, however, two key differences due to the fact that the relevant isodiamonds are not encoded and due to the changes to the dependency relation in the MI hierarchy.
The first difference concerns the bit pattern of a diamond. Recall that selective refinement requires a closure operation, that is, all parent modifications of a diamond must be applied before can be applied. Moreover, our isodiamond encoding scheme (see Section 5.1) assumes that the entire bit pattern of a diamond can be recovered from its ancestors. But, in an MI hierarchy Á M , the parents of an active isodiamond are a subset of the parents of its corresponding isodiamond in the RI hierarchy Á R . As a consequence, the sign values of the vertices from an RI parent r that is not an MI parent of , will not be available to complete the bit pattern associated with . This situation, however, only occurs in those active isodiamonds in which the two spine vertices have the same sign value. Since the duet corresponding to the RI parent r is not active, all of its vertices, including the two spine vertices of , must have the same sign value. Thus, the missing vertices can be safely assigned the same sign value as the spine vertices.
The other issue is related to the active front when extracting a mesh from an MI hierarchy Á M . As in selective refinement from an RI hierarchy (see Section 6.3), we consider an active front C on the dependency graph of Á M and two meshes: the current diamond mesh AE , i.e., the tetrahedral mesh associated with front C and extracted from diamonds in Á, and the current extracted mesh AE, formed by the triangles (or tetrahedra) of the currently extracted isosurface (or interval volume) and defined by the patches intersected by the diamonds in AE . Since the relevant isodiamonds are not encoded in Á M , the domain of the data set is no longer covered by the tetrahedra in AE (see Fig. 14b , where AE consists of blue triangles and AE consists of dark blue line segments). Further, since Á M is not necessarily described by a connected dependency graph, C does not need to be connected. Consequently, the current diamond mesh can be disconnected and is no longer guaranteed to be conforming (see the interface between the red and purple triangles in Fig. 13b) .
Nevertheless, since isosurface, or interval volume patches are only embedded within active isodiamonds, the current extracted mesh AE is guaranteed to be conforming as long as 1) the interiors of active tetrahedra do not overlap and 2) face-adjacent tetrahedra are conforming along their shared face if that face intersects the isosurface or interval volume. Property 2 is ensured by the patch triangulation cases for each isodiamond as well as by the closure operation in selective refinement (as long as property 1 is not violated).
Since (unsubdivided) creation isodiamonds do not contain active tetrahedra, property 1 is not violated if their tetrahedra overlap other tetrahedra in AE . However, creation isodiamonds require a modified subdivision rule to ensure that the above two properties remain satisfied after their subdivision. Applying the modification associated with a creation isodiamond adds a new disconnected node to the active front C. Since is a root in the dependency graph of Á M , it has no ancestors, and thus, applying the closure operator to does not connect it to its ancestors in the DAG describing the hierarchy of diamonds Á. As a consequence, the diamonds in AE overlapping the domain of will not subdivide. If any of these diamonds are Fig. 13a ).
We solve this by applying the closure operator to each child of , i.e., applying all modifications on which the children depend. The closure operator cascades up on the dependency graph until 1) the existing front is reached, 2) an arc corresponding to a nonactive duet is reached, or 3) another creation node (i.e., a local root of the DAG) is reached. This joins the fronts of and the diamonds overlapping its domain (see Fig. 13b ), and thus, AE satisfies both the above properties, guaranteeing that the extracted meshes (isosurfaces or interval volumes) are conforming.
RESULTS
We demonstrate the compactness and efficiency of the two multiresolution isodiamond models introduced here. We have run experiments on a testbed of over 20 medical, scientific, and synthetic regular volume data sets of dimensions up to 512 3 and summarize the aggregate information and trends. All experiments were performed on a 2 GHz Pentium Core 2 Duo laptop with 4 GB RAM.
Recall that our isodiamond encoding requires 12 bytes per isodiamond and a single byte for each isovertex. Also, both the RI and the MI hierarchy encode all active isodiamonds, but the RI hierarchy encodes in addition all relevant isodiamonds, while the MI hierarchy stores only those relevant isodiamonds that are creation isodiamonds. The number of creation isodiamonds is typically less than 0.5 percent of the number of relevant isodiamonds (and often, significantly less, as shown in columns 5 and 6 in Table 2 ). Further, since isovertices are only encoded in creation or in active isodiamonds, and both models encode these diamonds, the MI hierarchy encodes the same number of isovertices as the RI hierarchy. Our experiments on more than 20 data sets indicate that, when encoding isosurfaces, the MI hierarchy requires about 65 percent of the space of a corresponding RI hierarchy (with a standard deviation of less than 5 percent). For interval volumes, an MI hierarchy requires approximately 78 percent of the space of the corresponding RI hierarchy (with a standard deviation of 8 percent).
Although the principal goal of multiresolution hierarchies is not compression, we demonstrate the compactness of the two isodiamond hierarchies by comparing them to a simple indexed representation of the mesh describing the isosurface S or the interval volume I at full resolution (see Table 2 ). This representation encodes vertices as three floating-point coordinates, and triangles, or tetrahedra, through the indices of their three, or four vertices, respectively. Thus, encoding an isosurface S with jvj vertices and jtj triangles requires ð12 jvj þ 12 jtjÞ bytes, and encoding an interval volume I with jvj vertices and jT j tetrahedra requires ð12 jvj þ 16 jT jÞ bytes.
Compared to an indexed representation of the isosurface at full resolution, the RI hierarchy is approximately three times more compact and the MI hierarchy is about five times more compact. For interval volumes, the RI hierarchy is approximately eight times more compact (as reported in [2] ), while the MI hierarchy is more than 10 times more compact than the mesh at full resolution. In addition to the space savings, a mesh extracted from both isodiamond hierarchies also implicitly encodes the adjacencies between its triangles, or tetrahedra. This is typically required in downstream mesh processing applications and would require an extra 12 bytes per triangle, or 16 bytes per tetrahedron, since we would need to use for the output mesh an indexed representation enhanced with adjacency information among triangles or tetrahedra.
One of the key motivations for the isodiamond hierarchies is performing selective refinement queries efficiently on a multiresolution representation of a specific predetermined isosurface, or interval volume. These models enable a quicker extraction of uniform or variable-resolution output meshes with respect to extracting them from a hierarchy of diamonds. Moreover, the active front resulting from the MI hierarchy (i.e., the current diamond mesh AE ) requires only a fraction of the diamonds to reconstruct an equivalent output mesh as either the original hierarchy of diamonds, or the corresponding RI hierarchy. Thus, queries on an MI hierarchy require less memory at runtime and the resultant output meshes can be postprocessed more efficiently.
Isosurfaces extracted from an MI hierarchy have associated active fronts containing approximately 25 percent of the diamonds as in the active fronts extracted from a hierarchy of diamonds or from an RI hierarchy (see Fig. 15a ). Similarly, interval volumes extracted from an MI hierarchy have associated active fronts containing approximately 50 percent of the diamonds as the other two models (see Fig. 15c ). Note that in these queries, the selection criterion for the original hierarchy of diamonds Á depends on the range of field values as well as the approximation error, while the selection criterion for the RI hierarchy Á R and the MI hierarchy Á M only depends on the approximation error. Since many isodiamonds near the root of the dependency graph of Á R are relevant, but their corresponding diamonds in Á might not intersect the isovalue (or isorange), their modifications will be applied in Á R but not in Á. Thus, when allowing a higher error tolerance, Á R can have a time and space overhead of around 10-20 percent compared to Á. However, this effect is reduced as the error tolerance decreases, and the active front descends to lower levels of the dependency graph (e.g., compare the relative values of Á R and Á on the horizontal axes of Fig. 15 as the error tolerance decreases).
Both isodiamond hierarchies achieve significant reduction in extraction times during selective refinement, compared to the diamond hierarchy, as the maximum allowed error decreases (see Figs. 15b and 15d) . Specifically, as approaches zero, the RI hierarchy can extract an equivalent isosurface, or interval volume, in about 3/4 the time with respect to the hierarchy of diamonds, while the MI hierarchy can extract an equivalent mesh in about half the time with respect to the hierarchy of diamonds. Note that, when the error is high (e.g., the values toward the left side of each graph in Fig. 15 ), the extracted meshes and times are relatively small, and thus, relative differences are less significant, while for lower errors (e.g., toward the right side of each graph), the times and active front sizes increase. This suggests that the hierarchy of diamonds is ideally suited for extracting low-resolution isosurfaces and interval volumes from the model during the exploratory phases of the analysis of a data set. Isodiamond hierarchies are better suited for in-depth analysis once the desired isosurface or interval volume has been determined and higher resolution approximations are required for inspection and processing.
The left side of Fig. 16a depicts a zero-error isosurface ( ¼ 868) containing approximately two million vertices and four million triangles extracted from the 512 3 Christmas Tree data set. On the right half, the blue points depict the central vertices of active isodiamonds, and the purple squares coincide with the central vertices of creation isodiamonds. Fig. 16c depicts an interval volume (K ¼ ½42; 72) containing 879 K vertices and 3.3 million tetrahedra extracted from the 128 Â 256 2 Visible Male Head data set with uniform error less than 1 percent. The mesh has been clipped along the median plane to illustrate the sizes of tetrahedra.
The adaptability of the isodiamond models enables location-dependent queries in addition to those defined by approximation errors. Fig. 16b illustrates a variableresolution isosurface ( ¼ 0) extracted from the Armadillo data set and focuses the resolution in a region of interest around the head. The error of any triangle within the box is zero, and the error outside the box can be arbitrarily large. Colors indicate the resolution of the diamonds framing the triangles. The blue points coincide with the central vertices of active isodiamonds. Fig. 16d illustrates a variableresolution interval volume extracted from the 201 3 Bunny data set (K ¼ ½0; 20), again with a region of interest around the head. The tetrahedra are shrunken slightly and the model is clipped along a plane in order to illustrate the cells of the interval volume.
CONCLUDING REMARKS
We have developed two efficient multiresolution meshbased representations for individual isosurfaces and interval volumes which are extracted from a volume data set described as a hierarchy of diamonds. Both models exploit the one-to-one correspondence between diamonds in the hierarchical representation of the field and modifications in the multiresolution representation of the extracted isosurface or interval volume.
The RI hierarchy encodes the set of active isodiamonds as well as their relevant ancestors. Extracted isosurfaces and interval volumes are guaranteed to be conforming due to the one-to-one correspondence between isodiamonds in the RI hierarchy and the diamonds of the diamond hierarchy. As demonstrated in Fig. 15 , current diamond meshes extracted from the RI hierarchy are generated by approximately the same number of diamonds as those extracted from the diamond hierarchy, in less time. The faster extraction times are likely due to the precalculation of interpolation coefficients for the patch isovertices during the generation of the RI hierarchy. Since the scalar values of each diamond's vertices do not need to be retrieved, the modification corresponding to an isodiamond can be applied via a single lookup into the isovertex array.
The MI hierarchy encodes all active isodiamonds and only the subset of relevant isodiamonds that are creation isodiamonds. The dependency relation R of its modifications forms a forest of DAGs. An MI hierarchy is described by a dependency graph which is a subgraph of the dependency describing Á. Since inactive isodiamonds are not created during mesh extraction, current diamond meshes that result from selective refinement applied to MI hierarchies are significantly smaller than those arising from a selective refinement applied to the RI hierarchy.
As indicated in Table 2 , both models can be encoded quite compactly compared to an indexed representation of the extracted isosurface or interval volume at full resolution. However, the primary benefit of these models is that they efficiently support selective refinement queries, and thus, enable the extraction of meshes satisfying an applicationdefined error criterion.
Since isodiamond hierarchies only encode the sign field and vertex interpolation coefficients, and not the higher dimensional simplices, this relative advantage increases significantly with the dimension of the encoded mesh. Thus, as long as an appropriate set of lookup tables is defined (as in [16] ), the isodiamond representation should lead to significant savings for higher dimensional simplicial meshes. Furthermore, since an interval volume encodes the subvolume enclosed between two isosurfaces, and the storage requirements are related to the number of isovertices on its lower and upper surfaces, an interval volume with only one boundary surface can be used as an efficient multiresolution volumetric representation of an object.
Here, we have applied isosurface and interval volume cases to the tetrahedra within each extracted diamond. Given a consistent set of lookup tables defined on the vertex categories, our framework should work equally well for multiresolution nonmanifold meshes [37] , multimaterial interface reconstruction [10] , [38] , or dual contouring on the tetrahedra or duets within each diamond [39] . We intend to explore these possibilities in our future work.
Since the retained isodiamonds in an RI or MI hierarchy correspond to a sparse but coherent subset of the diamonds in a hierarchy of diamonds, we plan to develop a clustered representation based on [29] to exploit this coherence. This should further reduce the storage costs of the representation and enable out-of-core representations for large multiresolution isosurfaces and interval volumes.
Another interesting direction is to incorporate topological considerations into the error criterion [23] , [25] . For instance, in the MI hierarchy, we directly encode all creation isodiamonds. However, while the creation isodiamonds near the root of the dependency graph typically correspond to significant components of the extracted mesh, the creation isodiamonds near the leaves typically correspond to noise in the data set. By filtering such noise, we might be able to achieve a more faithful representation of the embedded isosurface (or interval volume).
Finally, in our future work, we plan to extend the techniques presented here to the extraction and representation of multiresolution isosurfaces from time-varying volumetric data sets.
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